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Abstract—In this paper, we prove the existence of coincidence
points and common fixed point theorems in cone metric spaces for
three mappings satisfying contractive conditions without exploiting
the notation of continuity of any map involved therein.

1. INTRODUCTION

In 2007, Huang and Zhang [1] generalized the concept of a
metric space, replacing the set of real numbers by ordered
Banach space and obtained some fixed point theorems for
mappings satisfying  different contractive conditions.
Subsequently, the study of fixed point theorems in such spaces
is followed by some other mathematicians; see [2-8].

Consistent with Huang and Zhang [1],
definitions and results will be needed.

Definition 1.1.[1] Let E be a real Banach space. A subset P of
E is called a cone if and only if

e Pisclosed, nonempty and P # {0};

e ab€R,a,b=0,xye€Pimpliesax + bx € P;

e x€ePand—x€eP=>x=0.

the following

Definition 1.2.[1]Let X be a nonempty set. Suppose that
d: X X X - E satisfies

(d1) 0 < d(x,y) forall x,y € X and d(x,y) = 0 if and only if
X =Y,

(d2) d(x,y) =d(y,x) forall x,y € X;

d3)d(x,y) <d(x,z) +d(z,y) forall x,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a
cone metric space.

The concept of cone metric space is more general than that of
a metric space.

Definition 1.3.[1] Let E be a Banach space and P  E be an
order cone. The order cone P be called normal if there exists
L > 0 such that for all x,y € E,0 < x < yimplies | x IS L ||

v

The least positive number L satisfying the above inequality is
called the normal constant of P.

Definition 1.4.[1]Let P be a cone in Banach space E define
partial ordering < with respect to p by x <y if and only if
y —x € P. We shall write x < y to indicatex <y but x # y
while x « y will stand for y — x € intP, where intP denotes
the interior of the set P. This cone P is called an order cone.

Definition 1.5.[1]Let (X,d) be a cone metric space. We say
that {x, } is

(e) a Cauchy sequence if for every c € E with 0 «< ¢ there is
an N suchthatn,m > N, d(x,, x,,) < c;

(F) a convergent sequence if for every c € E with 0 < c,
there is an N such that for all n > N,d(x,,x) < ¢ for
some fixed x € X.

A cone metric space X is said to be complete if every Cauchy

sequence in X is convergent in X. It is known that {x,}

converges to x € X if and only if d(x,,x) - 0as n - oo. It is

a Cauchy sequence if and only if d(x,, x,,) = 0 (n,m — ).

Definition 1.6.[1]Let f, g : X — X. Then the pair (f, g)is said
to be (IT)-Commuting at z € X if f(g(z)) = g(f(2)) with
f(2) =g().

2. MAIN RESULTS
Theorem 2.1.Let (X,d) be a metric space, and P be a normal

cone with normal constant L. Suppose mappings f,g,h: X =
X satisfy the contractive condition :

d(fx,gy) < ad(hx, gy) + Bd(fx, fy)
+yd(fx,gy) + 6d(fx, hx)
+ud(gy, hy) (2.1.1)

Where a,B,y,6,u>0and2a+B+y+5+u<l. If
f(X)u gX) c h(X) is complete subspace of X. Then the
maps f, g and h have a coincidence point zin X. Moreover if
(f,h) and (g, h) are (IT)-Commutative at zthen f,g and h
have unique common fixed point.
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Proof. Let x, be an arbitrary point of X, and define the
sequence {y, } in X such that
Yan = [X2n = hXgny1and
Yen+1 = 9Xon+1 = hXonya,
foralln =0,1,2,..... by equation (1), we have
AY2ns Yan+1) = A(f X20, GX2n41)
< ad(hxyy, gxane1) + BA(fxon, fX2n41)

+vd(fX2n, GXon+1) + 8d(fx2n, hxz,)
+ ,le(gx2n+1; hx2n+1)

= ad(Yan-1,Y2n+1) + BAW2n, Yan+1) + ¥AWV2n, Yan+1)
+ 8d(Y2n, Yan-1) + HAYVan+1, Von)

< a{dY2n-1,Y20) + AW2n, Yons1)} + BAV2n, Yons1)
+ yd(yZn' y2n+1) + 5d(}’2n' y2n—1)
+ ud(Y2n41,Y2n)

A-—a—=p—y—wWdm Yoan+1) < (@ + 8)dVan, Yan-1)

a+6
d(Yan) Yan+1) < T—a—f—7- Md(}’Zn—l'}’Zn)
dVan, Y2n+1) < kd(Van-1,Y2n)
Where k = %.

Similarly, it can be shown that

A(Y2n+1,Yan+2) < AV2nr Yan+1)
Therefore, for all n,

AWn11) Ynt2) < kd G, Yny1) < -+ S kK" 1d (v, 31)
Now, for any m > n,

AW Ym) < AW Y1) + A1, Yna2) +
+ d()’m—l:Ym)

< k™ + k™ 4+ k™D (v, 0)

n

<
1-k

d(1,¥0)

From (1.3), we have

1 A Y) 1S 2L 1 dCyy, y0) 1.
Which implies that d (y,,, 1,) — 0 as

n,m — oo, (since k < 1). Hence {y,} is a Cauchy sequence,
where y, = {hx,}.

Therefore {hx,} is a Cauchy sequence. Since h(X) is
complete, there exists z in h(X) such that hx, — zas n — .
Consequently, we can find z in X such that h(z) = s. We shall
show that hz = fz = gz. Consider,

d(fz,gxan+1) < ad(hz, gxan41) + BA(fz, fX2041)
+vd(fz,gx2n4+1) + 0d(fz, hz)
+ pud(gxzn11, WX2n41)

Letting n — oo, we get

d(fz,s) < ad(s,s) + pd(fz,s) +yd(fz,s) + 6d(fz,s)
+ ud(s,s)

d(fz,s) < (B +y+6)d(fzs), a contradiction
Therefore

fz=15=hz
similarly

d(gZ, fx2n) < ad(hz' fx2n) + ,Bd(gZ, ngn) + yd(gz, fon)
+6d(9z, hz) + pd(fxzn, hxzy)

d(gz,s) < ad(s,s) + Bd(gz,s) + yd(gz,s) + 6d(gz,s)
+ ud(s,s)

(2.1.2)

d(gz,s) < (B +vy +8)d(gz,s), a contradiction.
Therefore,

gz =s = hz. (2.1.3)
From (2.1.2) and (2.1.3), it follows that
hz = fz = gz = s, z is a coincidence point f, g, h.(2.1.4)
Since (f, h), (g, h) are (IT)-commuting at z.

d(ffz fz) = d(ffz gz)
< ad(hfz,gz)+ Bd(ffz f2)
+yd(ffz gz) + 6d(ffz hfz)
+ ud(gz, hz)

< ad(fhz, gz) + pd(ffz fz) + yd(ffz g2)
+6d(ffz fhz) + pd(gz, hz)

< ad(fz,9z) + Bd(ffz fz) + yd(ffz gz) + 6d(ffz fz)
+ ud(gz, hz)

<B+y+8)d(ffzfz)
a contradiction, since k <1 and fz = hz, which implies
ffz=fz.
fz=ffz=fhz=hfz,

= ffz=hfz=fz=s. (2.1.5)
Therefore
fz = sis a common fixed point of g and h.(2.1.6)
Similarly, we get,

9z = ggz = ghz = hgz,

= ggz = hgz = gz = s. (2.12.7)
Therefore
gz = fz = sis a common fixed point of g and h. (2.1.8)

In view of (2.1.6) and (2.1.8), it follows that f, g and h have a
common fixed point namely s. The uniqueness of the common
fixed point of s follows equation (2.1.1). Indeed, let s; is
another common fixed point of f, gand h. Consider,
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d(s,s1) = d(fs, gs1)
< ad(hs, gs;) + Bd(fs, fsy)
+yd(fs, gs1) + 8d(fs, hs) + ud(gsi, hsy)

= ad(s,s1) + Bd(s,s;) +yd(s,s;) + 8d(s,s) + pd(sq,51)
d(s,s1) < (@ + B +y)d(s,s1)
= d(s,s;) < 0thus s = s;.
Therefore f, g and h have a unique common fixed point.

Theorem 2.2. Let (X, d) be a metric space, and P be a normal
cone with normal constant L. Suppose mappings f,g,h: X =
X satisfy the contractive condition :

d(fx,gy) < ad(hx, gy) + Bld(fx, fy)
+d(fx,gy)] +y[d(fx, hx)
+d(gy, hy)]

Where a,f,y > 0and 0 < a+f+y <5 If f(X)Ug(X) <

h(X) is complete subspace of X. Then the maps f,g and h
have a coincidence point zin X. Moreover if (f,h) and
(g, h)are (IT)-Commutative at z,then f, g and h have unique
common fixed point.

(2.2.1)

Proof. Let x, be an arbitrary point of X, and define the
sequence {y, } in X such that
Yan = [X2n = hxzn41and
Yan+1 = 9Xon+1 = RXonya,
foralln =0,1,2,..... by equation (1), we have
d(y2n1y2n+1) = d(fon'gx2n+1)
< ad(thnt gx2n+1) + ﬁ[d(foH'fx2n+1)

+ d(fon' gx2n+1)] + y[d(fon' thn)
+ d(gx2n+1: hx2n+1)]

= ad(Van-1,Y2n+1) + BlAWV2ns Yont1) + AWans Y2n+1)]
+vd(Van, Yan-1) + dVan+1, Yon)l

< ald(Yan-1,Y2n) + Ao, Yons1)] + BIAYV2n, Yons1)
+ d(yan y2n+1)] + Y[d(yZn'yZn—l)
+ d(y2n+1'y2n)]

A —a =28 =y)dm Y2n+1) < (@ +V)AW2n) Yon-1)

+y
dY2n) Yon+1) < md(}}Zn—l'yZn)
AdY2n Yon+1) < kd(Van—1,Y2n)
Where k = —
l-a-2-y

Similarly, it can be shown that

d(y2n+1' y2n+2) < d(yZn: y2n+1)
Therefore, for all n,

dWns1sYn+2) < kdQs Yni1) < - < k" d (o, 1)

Now, for any m > n,

d(ynlym) < d(yn'yn+1) + d(yn+11yn+2) + +d(ym—1'ym)
< [k" + k™ 4+ KA (1, Y0)

n

<
1-k

d(1,¥0)

From (1.3), we have

1 A Y) 1S 2L 1 dy1, y0) 1.
Which implies that d(y,, 1,) — 0 as

n,m — oo, (since k < 1). Hence {y,} is a Cauchy sequence,
where y, = {hx,}.
Therefore {hx,} is a Cauchy sequence. Since h(X) is
complete, there exists z in h(X) such that hx, — zas n — .
Consequently, we can find z in X such that h(z) = s. We shall
show that hz = fz = gz. Consider,

d(fz, gxm+1) < ad(hz, gxn41) + BlA(f2Z, fX2n41)

+d(fz,gx2n41)] + v[d(fz, hz)

) + d(gx2n 11, hxan11)]

Letting n — oo, we get
d(fz,s) < ad(s,s) + B[d(fz,s) +d(fz,s)] +y[d(fz,s)

+d(s,s)]
d(fz,s) < (2B +vy)d(fz,s), a contradiction
Therefore
fz=s=hz (2.2.2)
similarly

d(gz, fxzn) < ad(hz, fx;,) + Bld(gz, gx33)
+d(gz, fx2,)] +v[d(gz, hz)
+ d(fon' thn)]

d(gz,s) < ad(s,s) + Bld(gz,s) + d(gz,s)] + y[d(gz,s)
+d(s,s)]

d(gz,s) < (2B +y)d(gz,s), a contradiction.

Therefore,

gz =s = hz. (2.2.3)
From (2.2.2) and (2.2.3), it follows that
hz = fz = gz = s, zisacoincidence point f, g, h.  (2.2.4)

Since (f, h), (g, h) are (IT)-commuting at z.

d(ffz fz) = d(ffz gz)
< ad(hfz, gz) + Bld(ffz f2)
+d(ffz g2)] +v[d(ffz hfz)
+ d(gz, hz)]

< ad(fhz,gz) + 2Bd(ffz fz) + y[d(ffz fhz)
+ d(gz, hz)]

< ad(fz,92) + 2pd(ffz fz) + y[d(ffz fz) + d(gz, hz)]
< 2B +y)d(ffzf2)

a contradiction, since k <1 and fz = hz, which implies

ffz=fz.
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fz=ffz=fhz=hfz,

= ffz=hfz=fz=s. (2.2.5)
Therefore
fz = sis a common fixed point of g and h. (2.2.6)
Similarly, we get,

9z = ggz = ghz = hgz,

= ggz = hgz = gz =s. (2.2.7)
Therefore
gz = fz = sis a common fixed point of g and h. (2.2.8)

In view of (2.2.6) and (2.2.8), it follows that f, g and h have a
common fixed point namely s. The uniqueness of the common
fixed point of s follows equation (2.2.1). Indeed, let s; is
another common fixed point of f, gand h. Consider,

d(s,s1) = d(fs, gs1)

< ad(hs' gsl) + B[d(fS,fSl)

+ d(fS, gsl)] + ]/[d(fs, hS) + d(gsll hSl)]

= ad(s,s1) + B[d(s,s1) +d(s,s1)] +y[d(s,s)
+ ud(sy, 1]
d(s,s1) < (a +2B)d(s,s1)

= d(s,s;) < 0thus s = s;.
Therefore f, g and h have a unique common fixed point.
Theorem 2.3. Let (X, d) be a metric space, and P be a normal

cone with normal constant L. Suppose mappings f,g,h: X -
X satisfy the contractive condition :

d(fx,gy) < ald(hx, gy) + d(fx, fy) + d(fy, gx)]
+Bld(fx, gy) + d(fx, hx)
+d(gy, hy)] (2.3.1)

Where a,8 > 0and 4a + 38 < 1. If f(X)U g(X) c h(X) is
complete subspace of X. Then the maps f,g and h have a
coincidence point zin X. Moreover if (f, h) and (g, h)are (IT)-
Commutative at z,then f, g and h have unique common fixed
point.

Proof. Let x, be an arbitrary point of X, and define the
sequence {y, } in X such that
Yan = fX2n = hxznqand
Yen+1 = 9Xon+1 = hXonia,
foralln =0,1,2,..... by equation (1), we have
dYVan, Yon+1) = d(fXon, GXon41)
< a[d(thn! gx2n+1) + d(fonlfx2n+1)

+ d(fxan+1, 9%20)] + BlA(f X2, 9X2n+1)
+ d(fxan, hxoy) + d(gXapn 41, KXo 41)]

= a[d(yZn—1:y2n+1) + d(yZn'y2n+1) + d(y2n+1:y2n)]
+ BlAY2n, Yan+1) + AV2ns Y2n—1)
+ d(y2n+1ﬂy2n)]

< a[{dWVan-1,Y20) + dWV2n, Y2n+1)} + 2d V20, Y2n+1)]
+ ,B[Zd(yZn' y2n+1) + d(yZn'yZn—l)]

(1 =3a —=2B)d¥zn, Yan+1) < (@ + B)AV2n, Y2n-1)
a+p
d(Yans Yan+1) < md(}’zn—p}’m)

dVan) Yon+1) < kd(YVon-1,Y2n)

Where k = —**¢
1-3a—28

Similarly, it can be shown that

d(y2n+1' y2n+2) < d(yZn: y2n+1)
Therefore, for all n,

dWns1> Ynr2) < kdWp, Ypi1) < -+ < k" (yo, 1)
Now, for any m > n,
d(ynlym) < d(yn'yn+1) + d(yn+1'yn+2) +
+ d(}}m—l'ym)
<[k + k" e+ k™A (1, v0)

n

< 401

From (1.3), we have

1A Y) 1S 2L 1 dy1, y0) 1.
Which implies that d(y,,, y,,) — 0 as

n,m — oo, (since k < 1). Hence {y,} is a Cauchy sequence,
where y, = {hx,}.

Therefore {hx,} is a Cauchy sequence. Since h(X) is
complete, there exists z in h(X) such that hx, — zas n — .
Consequently, we can find z in X such that h(z) = s. We shall
show that hz = fz = gz. Consider,

d(fz, gxm+1) < a[d(hz, gxn41) + d(f2Z, fXo41)
+ d(fxon41,92)] + Bld(f2, gX2n41)
+ d(fz,hz) + d(gxzn+1, hX2p11)]

Letting n — oo, we get

d(fz,s) < ald(s,s) +d(fz,s) +d(s,s)] + Bld(fz,s)
+d(fz,s) +d(s,s)]

d(fz,s) < (a+2B)d(fzs), acontradiction

Therefore
fz =15 = hz. (2.3.2)
similarly
d(gzlfon) < a[d(hz!fon) + d(gzungn) + d(fon:gZ)]
+ B[d(gz' fx2n) + d(gZ, hZ)
+ d(fonl hx2n)]

d(gz,s) < ald(s,s) +d(gz,s) +d(s, gz)] + B[d(gz,s)
+d(gz,s) +d(s,s)]
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d(gz,s) < a + 2B)d(gz,s), a contradiction.
Therefore,

gz =s = hz.
From (2.3.2) and (2.3.3), it follows that
hz = fz = gz = s, z is a coincidence point f, g, h.

(2.3.3)

(2.3.4)
Since (f, h), (g, h) are (IT)-commuting at z.
d(ffz fz) = d(ffzgz)
< ald(hfz gz) +d(ffz fz)
+d(fgz,9f2)] + Bld(ffz g2)
+d(ffz hfz) + d(gz, hz)]
< ald(fhz, gz) + d(ffz fz) + d(fgz fg2z)]
+ Bld(ffz gz) + d(ffz fhz)
+ d(gz, hz)]
< ald(fz,gz) + d(ffz fz) + d(fz fz)] + B[d(ffz gz)
+d(ffz fz)+d(gz hz)]

< (a+2B)d(ffz fz)

a contradiction, since k <1 and fz = hz, which implies
ffz=fz.

fz=ffz=fhz=hfz,

= ffz=hfz=fz=s. (2.3.5)
Therefore
fz = sis acommon fixed point of g and h. (2.3.6)
Similarly, we get,

9z =ggz = ghz = hgz,

= ggz =hgz =gz =s. (2.3.7)
Therefore
gz = fz = sis a common fixed point of g and h. (2.3.8)

In view of (2.3.6) and (2.3.8), it follows that f, g and h have a
common fixed point namely s. The uniqueness of the common
fixed point of s follows equation (2.3.1). Indeed, let s; is
another common fixed point of f, gand h. Consider,
d(s,s1) = d(fs, gs1)
< ald(hs, gs1) +d(fs, fs1) + d(fs1,95)]
+Bld(fs, gs1) + d(fs, hs) + d(gsy, hsy)]

= a[d(s,s1) +d(s,s1) +d(s1,8)] + B[d(s,s1) +d(s,s)
+ d(Sl,Sl)]

d(s,s1) < Ba+ B)d(s,s1)
= d(s,s;) < 0thus s = s;.

Therefore f, g and h have a unique common fixed point.

Theorem 2.4. Let (X, d) be a metric space, and P be a normal
cone with normal constant L. Suppose mappings f,g,h: X —
X satisfy the contractive condition :

d(fx,gy) < ald(hx, gy) + d(fx, fy)]
+Bld(fy, gx) + d(fx, gy)]
+y[d(fx, hx)
+d(gy, hy)] (2.4.1)

Where o, 8,y >0and 3a+ 28+ 2y < 1. If f(X) U g(X) c
h(X) is complete subspace of X. Then the maps f,g and h

have a coincidence point zin X. Moreover if (f,h) and (g, h)
are (IT)-Commutative at z,then f,g and h have unique
common fixed point.

Proof. Let x, be an arbitrary point of X, and define the
sequence {y, } in X such that

Yon = fX2y = hXpp4iand
Yon+1 = GXon+1 = hXonq2,
foralln =0,1,2,..... by equation (1), we have
AW2ns Yan+1) = A(fxon, 9Xon41)
< ald(hxzn, 9Xont1) + d(fXon, fXon41)]

+ B[d(fx2n+1' ngn) + d(fon: gx2n+1)]
+ y[d(fon' thn) + d(gx2n+1: hx2n+1)]

= a[d(yZn—l'y2n+1) + d(yZn'y2n+1)] + 5[d(3’2n+1,an)
+ dW2ns Yo+ + ¥Y[AYVan, Yon-1)
+ dYan+1,Y2n)]

< al{d(Yan-1,Y2n) + dV2n, Y2n+1)} + AWV2n, Yon+1)]
+ 2Bd(Y2n, Yan+1) + ¥ [AdY2ns Y2n—1)
+ d(yZn'y2n+1)]

(1 =2a =28 = y)dVan Yon+1) < (@ +¥)AY2n, Y2n-1)

+y
d(Yzn) Yan+1) < md()@n—phn)
dY2n Yon+1) < kd(Van—1,Y2n)
Where k = —2
1-2a-2B8-y

Similarly, it can be shown that

d(y2n+1' y2n+2) < d(yZn: y2n+1)
Therefore, for all n,

AWnt1 Vn+2) < kdn, Yns1) < - < K (3o, 1)
Now, forany m > n,
d(ynlym) < d(yn'yn+1) + d(yn+1'yn+2) + o
+ d(}}m—l'ym)
S [kn + kn+1 + A + km_l)d(yl,yo)

n

<
1-k

d1,¥Y0)

From (1.3), we have

1A Y) 1S 2L 1 d(y1, y0) 1.
Which implies that d(y,,, y,,) — 0 as

n,m — oo, (since k < 1). Hence {y,} is a Cauchy sequence,
where y, = {hx,}.

Therefore {hx,} is a Cauchy sequence. Since h(X) is
complete, there exists z in h(X) such that hx, — zas n — .
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Consequently, we can find z in X such that h(z) = s. We shall ~ Similarly, we get,
show that hz = fz = gz. Consider, 9z = ggz = ghz = hgz,
= ggz=hgz =gz =Ss. 24.7
+ Bld(fx2n+11,92) + d(f2, 9Xon41)] gz = fz = sis a common fixed point of g and h. (2.4.8)

+v[d(fz hz) + d(gx2n 1, hxan11)]
Letting n — oo, we get

d(fz,s) < al[d(s,s) +d(fz,s)] + B[d(s,s) + d(fz,s)]
+y[d(fz,s) + d(s,s)]
d(fz,s) < (a+ B +y)d(fzs), acontradiction
Therefore
fz=5=hz
similarly
d(gZJfXZn) < a[d(hZ'fXZn) + d(gZ, ngn)]

+ Bld(fx2n, 92) + d(gz, fx2,)]
+v[d(9z, hz) + d(fx2n, hx3y,)]

d(gz,s) < ald(s,s) +d(gz,s)] + B[d(s,gz) + d(gz,s)]
+y[d(gz,s) +d(s,s)]

d(gz,s) < (a+ 2B +y)d(gz,s), acontradiction.

(2.4.2)

Therefore,
gz =s = hz.

From (2.4.2) and (2.4.3), it follows that
hz = fz = gz = s, z is a coincidence point f, g, h.

(2.4.3)

(2.4.4)
Since (f, h), (g, h) are (IT)-commuting at z.
d(ffz fz) = d(ffz gz)
< ald(hfz, gz) + d(ffz fz)]
+pld(fgz,9f2) + d(ffz g2)]
+y[d(ffz hfz) + d(gz, hz)]
< ald(fhz,gz) + d(ffz fz)] + Bld(fgz f92)
+d(ffz92)] +yld(ffz fhz)
+ d(gz, hz)]
< ald(fz,gz) + d(ffz f2)] + Bld(fz fz) + d(ffz g2)]
+yld(ffz fz) + d(gz, hz)]
<(a+B+y)d(ffzfz)
a contradiction, since k <1 and fz = hz, which implies
ffz=fz.
fz=ffz=fhz = hfz,

> ffz=hfz=fz=s. (2.4.5)
Therefore
fz = sis a common fixed point of g and h. (2.4.6)

In view of (2.4.6) and (2.4.8), it follows that f, g and h have a
common fixed point namely s. The uniqueness of the common
fixed point of s follows equation (2.4.1). Indeed, let s; is
another common fixed point of f, gand h. Consider,

d(s,s1) = d(fs, gs1)
< ald(hs, gs;) + d(fs, fs1)]
+ Bld(fs1,95) + d(fs, gs1)]
+v[d(fs, hs) + d(gsy, hsy)]

= ald(s,s;) + d(s,s1)] + B[d(s1,5) + d(s,51)]
+y[d(s,s) + d(sy,51)]
d(s,s1) < Qa+2B)d(s,s1)

= d(s,s;) < 0thus s = s;.
Therefore f, g and h have a unique common fixed point.
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